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^M I Abstract. We study absolute zeta functions from the view point 

^^ . of a canonical normalization. We introduce the absolute Hurwitz 

0^ [ zeta function for the normalization. In particular, we show that 

the theory of multiple gamma and sine functions gives good nor- 
Li^ ' malizations in cases related to the Kurokawa tensor product. In 

these cases, the functional equation of the absolute zeta function 
turns out to be equivalent to the simplicity of the associated non- 
^ -^ . classical multiple sine function of negative degree. 



1. Introduction 



The absolute zeta function of a scheme X over Fi was first studied 
by Soule [S] as a "hmit of p — )■ 1" of the (congruence) zeta function 
t^^ ' over Fp! see Kurokawa [ K2j and Deitmar [D] also. Then, Connes and 

^ ■ Consani [CClj [CC2j investigated the absolute zeta function as the 

• . following integral 

_ ^ where 

><: Nxiu) = \X{¥^u-l)\ 

H ■ 

. ^.' is a suitably interpolated "counting function." Here we must pay atten- 

tion to the needed normalization for the integral near u = 1: see |CC1] 
[CC2] for a discussion. In [CCTl Theorem 4.13] [CC2l Theorem 4.3] 
Connes and Consani calculated Cx{s) for Noetherian schemes via the 
Kurokawa tensor product of [Klj . 

Our purpose is to introduce the absolute Hurwitz zeta function 

Zx{w:s) = —- — - / — -— — du 
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to get the canonical normalization: 

d 



Cx{s) =exp ( —Zx{w;s] 



w=0 



This normalization is essentially due to Riemann (1859) and it is 
used in the theory of multiple gamma and sine function as follows. 

For each integer r > 1, the r-ple Hurwitz zeta function (r{w]x) is 
defined in Refw) > r as 



Cr{w;x) = ^,.iJ„(n + 



X) 



(1) 



n=0 



where ,i7„ = ("+:-i). 

The analytic continuation of (r{w;x) to all w G C is obtained via 
the integral representation of Riemann 

1 f°° 

Cr{w- x) = -— (1 - e-')-^e~^'r~'dt 

r U7 In 



H Ji 



by treating the integral around m = 1 in the usual way. 

Thus, by using such analytic continuation we get the r-ple gamma 
function 

/ d 

Tr{x) = exp I -——(r{w;x) 



dw 



w=0 



and the r-ple sine function 

Sr{x) = rr{xy^rr{r-xY-^'>\ 

We refer to Barnes [Bj (1904) and Kurokawa-Koyama |KKj (2003) for 
details, where more general multiple gamma functions and multiple 
sine functions were treated respectively. 

We report three results in this introduction. First, for a function 

A^ : (1, oo) — > C we use 



Zn{w] s) 



T{w) 



N{u)u-'-\\ogu)'"~^du 



and 



also. 



Cn{s) = exp ( —Zn{w; s) 



d 



w=0 



Theorem A. Let N(u) = %^ m(a)u" be a finite sum. Then: 
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(1) Z]\f{w; s) = y^m{a){s — a)""". 

a 

(2)u.)=n(s-«)-™("). 

a 

This result is applicable to calculate many examples (see |K2] ) of 
absolute zeta functions under our canonical normalization. We note 
two simple examples. 

Example 1. Let X = SpecFi. Then 

Nx{u) = 1, 

Zx{w;s) = s""", 

Cx{s) = 1/s. 

Example 2. Let X = §L(2). Then 

Nx{u) =u^ -u, 

Zxiw;s) = is-3)-^is-l)-'', 

Cx(s) = (s-l)/(s-3). 

Now the following result shows a functoriality. 

Theorem B. (1) For A^i, A^'s : (1, oo) ^ C let 

iN^®N2)iu)=N^iu) + N2iu). 

Then 

Zni(bn2{w; s) = Zx^{w] s) + Z^^iw; s) 

and 

Cni(BN2(s) =Cni{s)Cn2{s)- 

(2) Let 

Ni{u) = ^mi(ai)u°' 

for i = 1,2. Suppose that both are finite sums. Put 

{N^^ N2){u) = Ni{u)N2{u). 
Then 

Zni®N2{w;s) 

= ^ mi(ai)m2(a;2)(s - (ai + 02))""' 

oil, ,012 

and 

«i,a2 
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This tensor product is essentially the Kurokawa tensor product orig- 
inated in [KT] (see [M], [HUT] and \CC2\ ) when a/s are real. We re- 
mark that for general A^^'s ("infinite sums" or "generalized functions") 
we must resolve various difficulties. 

For the next result we notice that our construction of (riw; x), Tr{x) 
and Sr{x) is valid for negative r also (see the later explanation). 

Theorem C. Let r be a positive integer. Then 

(1) Z^0r{w;s) = C-r(w;s-r). 

(2) CGr(^) =r_^(s-r) 

= {ii-i/sry\ 

where (g)r is the Kurokawa tensor product. 

(3) We have the functional equation 

which is equivalent to S'_r(x) = 1. 
Our result would suggest that 

holds for r < also with the functional equation s ^ — r — s. For 
example 

/- ( ^ r ( M^^ r(s + l) 



and the functional equation s o 1 — s is the refiection formula of Euler: 

Ti{s + 1)T{2 - s) = Si{s + 1)-^ -- 



2sin(7rs) 



We remark that Manin [Ml §1.7] indicated an idea to consider the 
gamma function as the zeta function of the "dual infinite dimensional 
projective space over Fi." 



dualities for absolute zeta functions and multiple gamma functions 

2. Multiple gamma functions and multiple sine functions 
We recall the construction of the multiple Hurwitz zeta function: 



.... J' 



n=0 

= —— / (1 - e-*)-"e-^*r-i(it 

r(w) Jo 

= — - / (1 - u-Tu-^-\\ogur-'du. 

This definition is valid for any r G M with sufficiently large Re(x) and 
Re(i(;), so we have the analytic continuation to all w G C via the usual 
method. Thus, we get 

Tr{x) =exp ( -^-Cr{w;x) ] 

and 

Sr{x) = r,(x)-^r,(r-x)(-i)'' 

for any r G R (or r G Z at least without ambiguity of the meaning of 
(—1)'"). For readers interested in the theory of r < 0, we refer to |K0] . 

Theorem 1. Let r be a negative integer. Then 

ra=0 
(2) Sr{x) = 1. 

Proof. We have 

Cr{w;x) = J2( ^ )' 

n=0 ^ ^ 

•n—n \ / 

Hence 

expf5^(-ir+^('^''^log(n + x) 



Tr(x) 



n=0 
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Next, 

sJx) = rJx)-^rJr - xY-^^^ 



n-r+l / -r\ 



n=0 n=0 



n=0 



n=0 



where we used 



E(-i 



n=0 



n 



Hence 



n=0 n=0 

= 1. 



n 



This result can be generahzed to the multi-period case u = (wi, . . . , cu^ 
with ui, . . . ,ijJr > as follows, where the above case is contained as 
a; = (1,...,1). Put 

C-riw;x,u) 

l<ii<---<jfc<r 

d 



T^r{w,io) = exp ( —(^r{w;x,io) 



w=0 



and 



S-r{x,ui) = T_r{x,Oy) ^ 

X r_r( — (Wl + \- Ur) — X,uY^^^'^ 
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Then we have (see |K0] for more generahzations also) 

= —— / (1 - e-*^M ■ ■ ■ (1 - e-*'^'-)e-^*t"'-Mt, 

r(w) Jo 



and 



r_r(x,w) = Y\_ (x + WiiH hCUjJ^ ^^ 

l<ii<---<ij;<r 



S'_j.(a;, w) = 1. 



k 



For example, we get 

s-1 



C§L(2)(s) = r_i(s-3,2) 



s-3 
More generally: 

CsL(r)(s) = r_er_i)(s - (r^ - 1), (2,3, ■ ■ ■ ,r)) 
and 

CGL(r)(s) =r_r(s-r^(l,2,3,--- ,r)), 

, f r — 1 = rankSL(r) , f r = rankGL(r) ,,, ,^ . ^, 

where < <, ^ ^. ^^\ \ and < o ,. ^r, ) \ We obtam the 
[^ r — 1 = dimS)L(r) (^ r = dim(brlL(r). 

functional equations 

CsL(r)(s) = C§LM(r(3r - l)/2 - 1 - s)^-^)'""', 
and 

CGL(r)(s) = CGLM(r(3r - l)/2 - s)(-i)" 

from the triviality of the multiple sine function of negative order exactly 
similar to Theorem C 

Theorem 2. Let r be a negative real number. Then: 

(1) Cr{^ a;) = for each integer m satisfying r < m < 0. 

(2) Trix) = exp( /" {1 - u-^)-''u-'=-\\ogu)-'^du] for Re{x) > 
0. 

Example 3. 

C-3{w; x) = x-"" - 3(a; + l)"'" + 3(x + 2)-"' - (x + 3)-^" 

and 

C-3(0; x) = C-3(-l; x) = C-3(-2; x) = 0. 



8 NOBUSHIGE KUROKAWA AND HIROYUKI OCHIAI 

Notice that C-3(— 3;x) = —6. (In general (-m{—Tn;x) = (— l)™m! for 
integers m > 0. 

Example 4. 

and 

oo /2n\ 

C 1 (0; x) = 1 - V , ^"\ = 0, 
^^ fr^ (2n-l)4" 

that is 

oo /2n\ 

E \n) ^ ]^ 

(2n - 1)4" 

n=l ^ ' 

Proof. The fact (1) follows from the integral representation 

Cr{w-X) = — ^ / il-U-Y'u-^'-\^OgUr-'du, 

r(w) A 

since this integral converges for Re(w) > — r when Re(x) > 0, and 
1/T{w) has zeros at w = 0,-1,..., r + 1. Similarly, (2) is seen by 
looking at w = 0. D 

3. Proof of Theorem A 

For a function A^ : (1, oo) — ?■ C we defined 

1 1"°° 
Zm{w;s) = —^ / N{u)u-'-\\ogur-'du 

r(w) A 

and 

/ d 

Cn{s) = exp --Zn{w; s] 

We calculate these functions in the case of a finite sum 



N{u) = Y, 



■m(aiu . 



It is sufficient to calculate the following monomial case. 

Lemma. Let N{u) = u" , then 

Zjsfiw] s) = {s — a)^"^ 

and 

Cn{s) = -^. 
s — a 
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Proof. 

1 /"CO 



Hence 



and 



Zn(w; s) 



1 /"CO 









dw 



Zn{w,s] 



log(s - a) 



«)=0 



Civ(s) 



s — q; 



n 



'1) Since 



4. Proof of Theorem B 



^iVi®A'2(^;-5) 



r(^) 7i 



(A^i © N2)iu)u~"\\ogu)'"-^du 



{Ni{u) + N2{u))u-'-\\ogu)'"''du 



we have 



(2) From 






C7Vi®7V2(-s) = CiVi(s)CiV2(s)- 

{N^®N2){u) = N^{u)N2{u) 

= C^mi{ai)u"')C^m2{a2)u' 



a2^ 



ctl 



Ct2 



y^ mi(Q;i)m2(Q;2)M 



ai+a2 
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we have 






Zni«,N2{u!; s) 




1 r°^ 




" TH A 




1 f^ 



{Ni ® N2){u)u-'-\\ogur-^du 

X) 



Y, mi(ai)m2(a2)M"^+°' 



ai,a2 



22 mi{ai)m2{a2){s - (ai + a2))""'- 



Ql,Q2 



Hence 



CmmM = n ('^ - («i + a2))-™^("^)"^("^^ □ 



5. Absolute zeta functions 
Theorem 3. Let r be a positive integer. Then 

(1) CGg''(^) "■'"-'■ *^^~^)- 

(2) CGl^-i-s) = exp M N^s^r{u)u~'~\loguy^duy 
Proof. (1) Since 



we have 



Zir.S>r(w\ S) 

fOO 

{u-iyu-'-^{\oguY-^du 



1 fOO 



n^) A 

1 /"^ 
= — - / (1 - u-^ru-'^'^-\\ogur-'du 

= C-r{w]S-r). 
Thus, 

(2) This follows from (1) and Theorem 2(2). D 

We notice that Theorem 1 and Theorem 3(1) imply Theorem C(l)(2). 



dualities for absolute zeta functions and multiple gamma functions 

6. Functional equations 
Theorem 4. Let r he a positive integer. Then 

S-r{s-r)-\ 



CgI 



Proof. From Theorem 3(1), we have 

CGg'-(s) = r_^(s-r) 



and 
Hence, 



= S_r{s-r)-\ 



r + 1 



n 



We remark that we have the functional equation 

CGr(^) =CGg'-(^-s)^~^^' 

from Theorem 1(2) and we know that it is equivalent to S^r{x) = 1- 
Thus we have Theorem C(3). 
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